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Abstract
Solving an arbitrary time-dependent system with position and time-dependent effective mass
(TDPDEM) is an old challenge. Lewis-Riesenfeld -Ermakov’s (LR) phase-space invariant method
(LRIM) is an effective tool to handle time-dependent quantum systems. For Position-dependent
effective-mass, the success of LRIM is limited. In this article, we have extended the Lewis-Riesenfeld
-Ermakov’s phase-space invariant method for the general quantum system. We have obtained the
restrictions on the choice of the position-dependent effective mass (PDEM), for which the LR-
invariant operator will be of the close form. It turns out that, the choice of external potentials
are also restricted for the existence of close form LR-invariant operator. A class of unitary time-
dependent quantum canonical transformation for the concerned PDEM and external potentials is
presented, so that an equivalent time-independent PDEM Hamiltonian is obtained.
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I. INTRODUCTION
Lewis Riesenfeld (LR) invariant method [1–6] is an effective tool to construct the exact
solutions, especially the coherent state (CS) structure of a time-dependent (TD) quantum
system [7–11]. The key point of the LR invariant method (LRIM) is the existence of a
time-invariant operator (Iˆ(t)) on the phase space. Up to a time-dependent phase factor
eiθ(t), the eigenvectors {|ψk(t)〉} of TD phase-space invariant operator Iˆ(t) will satisfy the
TD Schro¨dinger equation corresponding to the Hamiltonian Hˆ(t). However, the eigenvalues
of Iˆ(t) are time-independent. It is evident that the close form of Iˆ(t) in terms of the basic
constituent operators such as position (xˆ), momentum (pˆ) and the combinations of powers
of xˆ and pˆ can be obtained for very specific class of Hamiltonians. Even for the classical
systems, the Hamiltonians which are either linear or quadratic in momentum (p) exhibit
the LR invariants only for a specific class of the potential V (q, t) functions [4, 5, 11–14].
In that sense, the studies of classical systems in this regard were not very much different
than that was started by V. P. Ermakov for time-dependent harmonic oscillator [12] which
was subsequently generalized by Lewis for classical and quantum time-dependent harmonic
oscillators [13, 14]. Classical conservation laws behind the classical LR-invariance were also
well studied with the help of Noether’s theorem [15–17].
However, most of the studies of the LR phase-space invariant method were confined to the
constant mass system both in the classical and quantum mechanical scenario. There is no
general study of LR-invariance for a quantum system with the position-dependent effec-
tive mass (PDEM) in the literature. The concept of PDEM appears in diverse branches
of Physics [18–30]. For example, PDEM appears in the description of nonlinear optical
properties in quantum well [31, 32], the asymmetric shape of crackling noise pulses emitted
by a diverse range of noisy systems [33, 34], the cosmological models, even in quantum in-
formation theory [35, 36]. The appearance of PDEM in such diverse regime indicates that
seemingly nonrelated phenomenon may be unified by the existence of PDEM.
Therefore, it is worth to revisit the concept of PDEM, especially under the shade of LR-
invariance. The present article aims to provide the general class of position-dependent
effective mass (PDEM) [18–48] along with a general class of potentials for which close form
LR-invariant operators can be constructed by the direct method. We have also shown that
only a specific class of position-dependent mass profile and specific class of potentials can
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exhibit the close form of LR-invariance for the PDEM system. In particular, only a mass
profile which varies with position (x) as ∼ 1
x+a
under either Coulomb potential or potential
well/barrier are allowed for the existence of a close form LR-invariant operator (LRIO).
Interestingly, time dependent unitary quantum canonical transformation (TDQCT) [49–57]
exists for the PDEM systems for which LRIO is of the close form. The time dependent
Hamiltonian for the concerned PDEM can be transformed into an equivalent time indepen-
dent Hamiltonian under TDQCT.
At first, we have demonstrated the conditions for which one can have a close form LR-
invariant. Then the invariant operator (Iˆ(t)) is constructed by LRM. Subsequently, a pos-
sible time-dependent canonical transformation is demonstrated, with the help of which one
can prepare the system in an equivalent time-independent Hamiltonian.
II. POSITION DEPENDENT EFFECTIVE MASS HAMILTONIAN
Due to the noncommutativity of position dependent effective mass (PDEM) and momen-
tum, it was realized from the inception of the PDEM, that the kinetic part of a viable Hamil-
tonian for PDEM might be of the form (for simplicity, we are considering one-dimensional
case) [44, 45].
Hˆ = −1
2
mα˜
(
d
dx
)
mβ˜
(
d
dx
)
mα˜. (1)
With the constraint on the constant parameters α˜ and β˜
β˜ + 2α˜ = −1. (2)
Lack of consensus for the values of the parameters α˜ and β˜ demands a careful consideration
for the kinetic part of the Hamiltonian of PDEM. The consideration of the combinations
of position and momentum from the classical level Legendre transformation between La-
grangian and Hamiltonian provides a viable form of kinetic part of hamiltonian as follows.
{|x〉} representation, the viable form of the Hamiltonian for arbitrary position and time
dependent effective mass (m(x, t)) may be written as [48]
Hˆ = − ∂
∂x
(
1
2m
∂
∂x
)
− 1
2m
(
m′
m
)2
+ V (x, t). (3)
Prime denotes the derivative with respect to x. V (x, t) is the potential function. Here
we have considered ~ = 1 which will be followed throughout this article unless otherwise
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specified.
One can verify that under the usual boundary condition (wave functions vanish at the
boundaries), the Hamiltonian 3 is self-adjoint for real-valued m(x, t). The occurrence of the
intrinsic potential like function − 1
2m
(
m′
m
)2
appears solely due to the position dependency
of the mass. In our discussion, the concept of mass is nothing but the measure of inertia.
Hence, one can use the terminology ”inertia-potential” (Vinertia) for the extra position and
time-dependent function
Vinertia = − 1
2m
(
m′
m
)2
. (4)
We can consider all the momentum independent terms altogether and define the effective
potential (veff) as follows
veff = Vinertia + V (x, t). (5)
In the next section, we have demonstrated the restrictions on m(x, t) and V (x, t) such that
the system posesses a LR-invariant operator.
III. RESTRICTIONS ON m(x, t) AND V (x, t)
In this section, we have demonstrated the restrictions on PDEM m(x, t) and the external
potential V (x, t) for which the system will have an LR-invariant operator. An operator Iˆ(t)
is invariant means
˙ˆI(t) = ∂Iˆ(t)
∂t
+
1
i
[
Iˆ(t), Hˆ
]
= 0. (6)
Here dot (.) denotes the derivative with respect to time. We shall use this shorthand notation
throughout this article unless otherwise specified. Now the existence of an close form LR-
invariant Iˆ(t) based on the existence of finite number of generators (Oˆi) of the quasi-algebra
with respect to the Hamiltonian Hˆ such that the equation 6 is satisfied. In particular we
seek for an invariant operator of the form
Iˆ(t) =
N∑
j=0
µj(t)Oˆj, (7)
such that the following quasi-algebra is closed for finite N .
[
Hˆ, Oˆi
]
=
N∑
k=1
νkjOˆj ; i = 1, ...N. (8)
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Where νkj are the structure constants of the algebra and µj are arbitrary functions of time.
Our Hamiltonian is self-adjoint and quadratic in momentum. Therefore it is sufficient to
consider the following operators as the generators of the algebra.
Oˆ1 = p; Oˆ2 = x; Oˆ3 = p 12m ;
Oˆ4 = 12mp; Oˆ5 = u(x); Oˆ6 = 12m ;
Oˆ7 = p 12mp.
(9)
Where u(x) represent any function of x. Oˆ1 and Oˆ2 represents the simplest form namely
linear dependency on momentum and co-ordinates respectively. Oˆ3 and Oˆ4 are chosen in
such a way that the possible combinations of mass and momentum appears in equal footing.
One can note that 1
2
(
Oˆ3 + Oˆ4
)
is self-adjoint. The commutation relations of these operators
with the Hamiltonian are the followings.
[
Hˆ, Oˆ1
]
= −ip m′
2m2
p+ iv′eff ;[
Hˆ, Oˆ2
]
= −iOˆ3 − iOˆ4;[
Hˆ, Oˆ3
]
= −ip [ m′
2m2
1
2m
p, 1
2m
p m
′
2m2
]
+
ip m
′
2m2
1
2m
p+ iv′eff
1
2m
;[
Hˆ, Oˆ4
]
= −i m′
2m2
Oˆ7 + i2mu′;[
Hˆ, Oˆ5
]
= −iOˆ3u′ − iu′Oˆ4;[
Hˆ, Oˆ6
]
= iOˆ3 m′2m2 + i m
′
2m2
Oˆ4;[
Hˆ, Oˆ7
]
= iOˆ3u′ + iu′Oˆ4.
(10)
The structure constant of an algebra should be c-number. Therefore, the commutation of Oˆ1
with H suggests that Oˆ1 must be discarded from the set of the algebra. Since, it makes the
appearance of new operator (except for the case of constant mass which is trivial one) in the
algebra. If one try to incorporate this new operator in the algebra, it is evident that this new
operator will successively generate another independent operator. Similar situation occurs
for the commutation
[
Hˆ, Oˆ3
]
. Therefore the only choice for which the structure constants
of the quasi-algebra 10 become c-number and the algebra contains finite number of basis is
to remove Oˆ1 from the set. Also, we have to restrict the possible forms of u(x) which should
be
u(x) = veff . (11)
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Further, we have to put the constraint on the choice of m(x) and veff as follows.
m′
2m2
= α, v′eff = β. (12)
Where α, β are constants.
Therefore, in order to have the invariant Iˆ in phase space for the position dependent effective
mass (PDEM), only the following forms of PDEM and potential are allowed.
m(x) =
m0
1 + l−1x
. (13)
V (x, t) = V0 + βx+
2α2m0
1 + l−1x
. (14)
Where m0 = − 12c0 , l = c0α . c0 and V0 are the integration constants.
Therefore, we have seen that the only viable choice of mass and potentials are of the form
13 and 14 respectively. This is one of the important findings of the present study. In the
following section, the explicit form of Iˆ(t) is demonstrated.
IV. INVARIANT OPERATOR
From the preceding section, we have seen that A = {Hˆ, Oˆ2, Oˆ3, Oˆ4, Oˆ6, Oˆ7} forms a
quasi algebra. To envisage the proper forms of the structure constants, we have written the
commutation relations explicitly as follows.
[
Hˆ, Oˆ2
]
= −iOˆ3 − iOˆ4; (15)[
Hˆ, Oˆ3
]
= iαOˆ7 + iβOˆ6; (16)[
Hˆ, Oˆ4
]
= −iαOˆ7 + iβOˆ6; (17)[
Hˆ, Oˆ6
]
= iαOˆ4 + iαOˆ3; (18)[
Hˆ, Oˆ7
]
= iβOˆ3 + iβOˆ4. (19)
We can assume the form of Iˆ as a linear combination of the generators of the algebra. In
particular, one can consider the following ansatz.
Iˆ = A2(t)Oˆ2 + A3(t)Oˆ3 + A4(t)Oˆ4 + A6(t)Oˆ6 + A7(t)Oˆ7. (20)
Putting 20 in 6, one will have a set of coupled equations of the coefficients. If this set of
equation has a solution, then the system will have a LR-invariant of the form 20. In our
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case, the set of equations of the coefficients are the following.
A˙2 = 0. (21)
A˙3 + A2 − αA6 − βA7 = 0. (22)
A˙4 + A2 − αA6 − βA7 = 0. (23)
A˙6 − βA3 − βA4 = 0. (24)
A˙7 − αA3 − αA4 = 0. (25)
Here prime represent the derivative with respect to t. The set of equations 21 indeed has an
unique solution. However for arbitrary time dependence of α and β will makes it difficult to
obtain the exact solution. For demonstration purpose let us restrict ourselves in constant α
and β. In particular
A2 = α6α + α7β. (26)
A3 =
1
2
α3 +
a0
2αβ
cosh(2
√
αβt+ θ0). (27)
A4 = −1
2
α3 +
a0
2αβ
cosh(2
√
αβt+ θ0). (28)
A6 = α6 +
a0
2α
√
αβ
sinh(2
√
αβt+ θ0). (29)
A7 = α7 +
a0
2β
√
αβ
sinh(2
√
αβt+ θ0). (30)
Where {α3, α6, α7, a0, θ0} are integration constants.
Using these values of Ai’s in 20, one can obtain the explicit form of the invariant operator.
The case for time dependent α and β can readily be generalized in straightforward manner.
However for arbitrary time dependency on α and β will restrict the existence for unitary time
dependent canonical transformation (TDQCT), under which we can obtain an equivalent
time independent hamiltonian. In the next section we have demonstrated the existence of a
class of TDQCT.
V. CANONICAL TRANSFORMATION
First let us recall the action of a time-dependent quantum canonical transformation
(QCT) on quantum system [49–57]. One can note that the time dependent Schro¨dinger
equation reads
Hˆ(t)Uˆ(t) = i
˙ˆ
U(t). (31)
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Since under QCT the time remains unaffected in the original system and the transformed
system, the settlement of reference-time is very essential for QCT. In the present discussion,
we are measuring time from some initial time t = 0. In particular, evolution operator Uˆ(t)
fulfills the condition Uˆ(0) = Iˆ. Next obvious requirement of QCT is that the Schro¨dinger
equation 31 remains invariant under time-dependent QCT Uˆ(t). These two requirements
enforce the following transformation rules.
Uˆ :→ Uˆ1 = Uˆ(t)Uˆ(t)Uˆ †(0). (32)
Hˆ :→ Hˆ1 = UˆHˆUˆ † − iUˆ ˙ˆU †. (33)
We are confining ourselves for the PDEM system which possess a close form LR-invariant.
Therefore, we are dealing with the following PDEM system
Hˆ(t) = pˆµˆ(x, t)pˆ+ veff . (34)
With, µ(x, t) =
1
2m(x, t)
. (35)
Where choices of mass (m(x, t)) and potentials (V (x, t)) are restricted within 13 and 14. For
simplicity let us further restrict ourselves for the case β = 0. That means we are interested
for the potential of the form
V (x, t) = V0(t)− α
2
c0(t) + αx
. (36)
And the form of mass in which we are intersted.
m(x, t) = − 1
2 (c0(t) + αx)
. (37)
Now our task is to define a proper time dependent QCT for the Hamiltonian 34. Let us
define the following time dependent quantum canonical transformation.
Uˆ = eiǫ(t)f(pˆ). (38)
Where f(pˆ) is an arbitrary function of pˆ. One can note the following transformation rules.
pˆ :→ pˆ1 = Uˆ pˆUˆ † = pˆ. (39)
xˆ :→ xˆ1 = Uˆ xˆUˆ † = xˆ+ ǫ(t)f ′(pˆ). (40)
The Hamiltonian is transformed as
Hˆ(x, p, t) :→ Kˆ(x1, p1, t) = UˆHˆUˆ † − iUˆ ˙ˆU †.
∴ Kˆ = −c0(t)pˆ2 − αǫ(t)f ′(pˆ)pˆ2 − αpˆxˆpˆ− ǫ˙(t)f(pˆ) + V0(t). (41)
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We have to choose ǫ and f(pˆ) in such a manner so that 41 becomes time independent. As
we have already mentioned that we are only interested in the systems which are quadratic
in momentum. Therefore, the term f ′(p)p2 suggests that
f(pˆ) = δ0(t) + δ1(t)pˆ. (42)
Using 42 in 41, one can note that Kˆ can be written as
Kˆ = − (c0(t) + αǫ(t)δ1(t))
(
p+
ǫ˙(t)δ1(t)
2 (c0(t) + αǫ(t)δ1(t))
)2
−
αpˆxˆpˆ+
ǫ˙2(t)δ21(t)
4 (c0(t) + αǫ(t)δ1(t))
− ǫ˙(t)δ0(t) + V0(t). (43)
Since, the mass profile and potential functions are given (that means, they can be controlled
in experimental set up), so we have to choose the unknown parameters in such a manner
that the unknowns can be determined by the experimentally controlable parameters. In our
discussion, such controlable time dependent parameters are c0(t) and V0(t). Therefore we
can choose the following restrictions to make Kˆ time independent.
c0(t) + αǫ(t)δ1(t) = −µ1. (44)
ǫ˙(t)δ1(t)
2 (c0(t) + αǫ(t)δ1(t))
= µ2. (45)
V0(t)− ǫ˙(t)δ0(t)− µ1µ22 = µ3. (46)
Where µ1 6= 0, µ2 6= 0 and µ3 are constants and Kˆ becomes
Kˆ = µ1(p+ µ2)
2 − αpˆxˆpˆ+ µ3. (47)
Each value of µi’s will correspond to a QCT. Solving Eq.44, 45 and 46, one can write
down the explicit form of ǫ(t), δ0(t), δ1(t).
ǫ(t) = ǫ0 exp
(
2αµ1µ2
∫ t dτ
µ1 + c0(τ)
)
. (48)
δ1(t) = −c0(t) + µ1
αǫ(t)
. (49)
δ0(t) = −(V0(t)− µ3 − µ1µ
2
2)
2µ1µ2
δ1(t). (50)
Now one can utilize the constructed time-independent hamiltonain Kˆ to construct the wave
functions in transformed space by methods like SUSY formalism [58–63]. By inverse trans-
formation the wave functions in original space can be easily obtained.
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VI. DISCUSSION
We have shown that a time-dependent quantum canonical transformation (TDQCT) can
be constructed for the system with position-dependent effective mass (PDEM). However,
the class of allowed PDEM for which the close form Lewis-Riesenfeld -Ermakov’s invariant
operator (LRIO) can be constructed is limited. It seems that the existence of a natural in-
ertia potential corresponding to a PDEM restricts the class of external potentials for which
LRIO will be of the close form. Since the time dependent potential function V (t) is arbi-
trary and the inclusion of c0(t) in both mass profile and external potential is also arbitrary
so our approach is fairly general. Hence it can be utilized to model the physically important
systems like semiconductors, especially to study its electronic properties.
Most striking point of our findings is that, the allowed interaction and mass profile are math-
ematically similar to each other for close form LRIO. Moreover, they looks like Coulomb’s
potential with time dependent shifted origin. Since the inertia measure will be different for
different spatial points for a particle with PDEM, spacial points do not appear in identical
footing to a particle with PDEM. Therefore the appearance of Vc(x, t) ∼ 2α2m01+l−1x in allowed
potential suggests that there must be some relationship between the electric charge and spa-
cial points. One may be tempted to claim that the findings of the present article validate the
fact of considering the electric charge as another component of the particle momentum in an
additional dimensional spacetime. Thus our findings is a supporting evidence for a possible
unification of Newton’s and Coulomb’s forces [64–66].For simplicity we have restricted our-
selves for the constant structure constants α and β. However, the case of time dependent α
and β can easily be generalized. To avoid the fractional power of the operators in TDQCT
we have restricted ourselves for the case β = 0.
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